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Accuracy of Pressure-Sensitive Paint
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Uncertainty in pressure-sensitive paint (PSP) measurement is investigated from a standpoint of system modeling.
A functional relation between the imaging system output and luminescent emission from PSP is obtained based on
studies of radiative energy transports in PSP and photodetector response to luminescence. This relation provides
insightsinto physical origins of various elemental error sources and allows an estimate of the total PSP measurement
uncertainty contributed by the elemental errors. The elemental errors and their sensitivity coefficients in the error
propagation equation are evaluated. Useful formulas are given for the minimum pressure uncertainty that PSP
can possibly achieve, as are the upper bounds of the elemental errors to meet required pressure accuracy. An
instructive example of a Joukowsky airfoil in subsonic flows is given to illustrate uncertainty estimates in PSP

measurements.

Introduction

RESSURE-SENSITIVE paint (PSP) is an optical technique

for measuring surface pressure distributions on wind-tunnel
models.!~® Compared with conventional techniques such as pres-
sure taps, PSP provides a noncontact way to obtain full-field mea-
surements of surface pressure with much higher spatial resolution.
Because of oxygen quenching of luminescence, luminescentinten-
sity I emitted from PSP is related to air pressure P by the Stern-
Volmer equation

/I =1+K,P 1)

where [ is the luminescent intensity in the absence of oxygen and
K, is the Stern-Volmer constant. Hence, air pressure can be de-
termined by detecting the luminescent intensity of PSP. Because /
is not known in wind-tunnel testing, experimental aerodynamicists
often use another version of the Stern-Volmer equation:

Lt/ 1 = A(T) + B(T)(P/ Pyp) 2)

where I..; and P, are the reference luminescentintensity and pres-
sure at a known temperature, respectively. The coefficients A(7T')
and B(T), also called the Stern-Volmer constants, are related to
the coefficient K, by B(T')/ A(T) = K, P,¢. Obviously, a constraint
is A(Ts) + B(Ty) =1, where T, is a reference temperature. The
Stern-Volmer equation (2) and its extended forms have been widely
used as operational calibration relations for PSP measurements in
aerodynamic tests. The Stern-Volmer coefficients A(T) and B(T)
are temperature dependent because temperature affects both nonra-
diative deactivation and oxygen diffusion in a polymer. The Stern—
Volmer coefficients A(T) and B(T) can be approximatelyexpressed

as a linear function of temperature:
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where E,; is the Arrhenius activation energy for the nonradiative
process, E, is the activation energy for oxygen diffusion, and R is
the universal gas constant. Equation (3) implies that the temperature
dependence of A(T') is mainly due to the thermal quenching as
temperature-sensitive paint (TSP) whereas B(T) is related to the
temperaturedependenceof the oxygendiffusivityin a polymer. For a
typical PSP (Bath Ruth + silicagelin GE RTV 118), the coefficients
in Eq. (3) are A(T;;) =0.13, B(T;t) =0.87, E,./ RT,; =2.82, and
E,/ RT; =4.32 overatemperaturerange from 293 to 333 K, where
the reference temperature is Tp. =298 K.

Uncertainty estimates for PSP measurements are highly desir-
able. Based on the Stern-Volmer equation, Sajben* investigated er-
ror sources contributing to the uncertainty of PSP measurements.
He found that the uncertainty strongly depends on flow conditions
and that surface temperature significantly affects the final measure-
ment result. Oglesby et al.’ presented an analysis of intrinsic limits
of the Stern-Volmer relation to achievable sensitivity and accuracy.
Mendoza®’ studied charge-coupleddevice (CCD) cameranoise and
its effect on PSP measurement and suggested the limiting Mach
number for quantitative PSP measurements. Relevant issues of PSP
uncertainty were also addressed in other literature."*% On the other
hand, Cattafestaet al.’ gave uncertainty estimates for TSP measure-
ments with CCD cameras.

The Stern-Volmer equation (1) or (2) describes a generic rela-
tionship between air pressure and luminescentintensity. However, a
complete analysis of PSP measurementuncertainty requires a more
specific relation between air pressure and an imaging system’s out-
putthatdepends on various system elements such as paint, photode-
tector, optical filters, and illumination sources. In this paper, solving
the transportequationsof radiative energy and modeling an imaging
system, we obtain a functional relation between the imaging sys-
tem’s outputand various system parameters such as the performance
parameters of the optical system and the physical properties of PSP.
Based on this relation, a sensitivity analysisis given to evaluate the
major elemental error sources and total uncertainty in PSP mea-
surements. The minimum pressure difference that PSP can resolve
is derived, and the upper bounds of the elemental errors for required
pressure accuracy are estimated. A sample uncertainty analysis for
subsonic flows over a Joukowsky airfoil is given to illustrate some
issues in PSP measurements.

Luminescent Radiation and Photodetetor Response

Luminescentradiation from a PSP layer on a surfaceinvolvestwo
major physical processes. The first process is absorption of an exci-
tation light through the PSP layer. The incidentexcitationlight with
a wavelength A, is absorbed when traveling in the layer and is re-
flected and scattered back to the layer at the wall surface. The second
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is luminescentradiation thatis an absorbing-emitting process in the
layer. After luminescent molecules in the layer are excited by the
excitation light, they emit luminescence with a longer wavelength
2,. Figure 1 illustrates absorption and surface reflection/scattering
of an excitation light and radiation of luminescencein a PSP layer.
In general, the illumination and emission processes in a PSP layer
can be described by the transport equations of radiative energy.!®!!
When strong scattering and reflection occur only at the wall sur-
face, the luminescent intensity emitted from a PSP layer in plane
geometry can be analytically determined by solving the transport
equations of radiative energy (see Appendix). When the PSP layer
is optically thin, the outgoing luminescent energy flow rate Q)
(energy/time/wavelength) on an area element A, of the PSP paint
surface is

0}, = Buh®(P, T)qoEs,(A) K (M)A, Q “)

where € is the solid angle, (M) is the coefficient representing the
effects of reflection and scattering of the luminescent light at the
wall, B;, is the extinction coefficient of the PSP medium for the ex-
citationlight, % is the paint layer thickness, @ (P, T') is the lumines-
cent quantum yield that depends on air pressure and temperature,
qo is the excitationlight flux, and E), (4,) is the luminescence spec-
trum. The term K, represents the combined effect of the optical
filter for the excitation light, excitation light scattering, and direc-
tion of the incident excitation light. Here, the extinction coefficient
B, =&, cis aproductof the molar absorptivity £;, and luminescent
moleculeconcentrationc. When the PSP layeris optically thick, Q.
is a nonlinear function of the paint thickness and extinction coeffi-
cients. Nevertheless, uncertainty analysis in this case is essentially
the same as that for an optically thin PSP layer.

Consider an optical detector system, for example,a CCD camera,
shown in Fig. 2. The detector output depends on not only the out-
going luminescent energy flow rate Q. , but also the performance
parameters of the optical system. In the Appendix, we obtain an
expression for the output of the detector

V =G/ Al FA(1 + Myp)* B, h®(P, T)qoK K, (5)

where V is the output of the detector; G is the system’s gain; A,
is the image area; F =fI/D is the fFnumber; M,, =R,/ R, is the

optical magnification; fI is the system’s effective focal length; D
is the aperture diameter; R, is the distance between the lens and
the source area, for example, model surface; and R, is the distance
between the lens and the sensor. Physically, the term K, represents
the combined effect of the optical filter for the luminescent light,
luminescentlightscattering,and systemresponseto the luminescent
light (see Appendix).

Modeling of PSP Measurement System

The detector outputis
V =101.11;B;,hqe®(P, T) (6)

The parameters I1, and I1; are I, =(n/4)GA;[F*(1 + M,,)*]™!
and I, =K, K,, which are related to the imaging system per-
formance and filter parameters, respectively. The quantum yield
O(P,T) is described by ®(P, T) =k, /(k, + ky, + kq[Oz]), where
k. is the radiative rate constant, k,. is the nonradiative deactiva-
tion rate constant, k, is the quenching rate constant, and [O,] is the
oxygen concentration. This relation reflects the competition among
the radiation, nonradiative deactivation, and quenching processes.
The concentrationof oxygen is related to air pressure P by Henry’s
law [O,] =SaP, where S is the solubility of oxygen and a is the
volume fraction of oxygenin air. In PSP applications, the intensity-
ratio method is currently used as a typical procedure to eliminate
the effects of spatial variation in illumination, paint thickness, and
molecule concentration. When a ratio between the wind-on and ref-
erence wind-off images is taken, air pressure P can be expressedin
terms of the system’s outputs and other variables:

Vrcf(ta x) Prcf A(T)Prcf

1 )
V', x') B(T) B(T)

The factor U, is
y o= L I h(x') c(x') qo(t', X')
: Hcrcf Hfrcf hrcf(x) Crcf(x) 40 ref (ta X)

where x =(x, y)” and x' =(x/, y')7 are the coordinates in the
wind-off and wind-on images, respectively, X =(X, Y, Z)” and
X' =(X',Y', Z")T are the object space coordinates in the wind-off
and wind-on cases, respectively,and  and ¢’ are the instants at which
the wind-off and wind-on images are taken, respectively. Here the
paint thickness and dye concentration are expressed as a function
of x rather than X because image registration errors are more easily
treated in the image plane. In fact, x and X are related through the
perspective collinearity equations in photogrammetry.

To separate complicated coupling between the temporal and
spatial variations of the variables, some terms in Eq. (7) can
be further decomposed when a small model deformation and a
short time interval are considered. The wind-on image coordi-
nates can be expressed as a superposition of the wind-off co-
ordinates and displacement vector, that is, x' =x + Ax. Simi-
larly, the time decomposition is ' =¢ + Az. For small Ax and
At, the ratio of the images can be separated into two factors,
Veei (2, )/ V (', x") = D,(At)D,(Ax) Viet(t, x)/ V(t, x), where the
factor D,(At)= 1—(aV/ot)(At)/V and D,(Ax)=1—-(VV)-
(Ax)/ V represent the effects of the temporal and spatial changes
of the luminescent intensity, respectively. The temporal change
of the luminescent intensity is mainly caused by photodegrada-
tion and sedimentation of dusts and oil droplets on a surface.
The spatial intensity change is due to model deformation. In
the same fashion, the excitation light flux is decomposed into
qo(t', X')/ qorer (1, X) = Dyo(ADqo(t, X')/ qorer(t, X), where the fac-
tor Dyo(At) =1+ (9qo/0t)(At)/qors reflects the temporal varia-
tion in the excitation light flux. The use of the preceding estimates
yields the modified Stern-Volmer equation

Vrcf(tax) Prcf A(T)Prcf

2 - ®)
V(t,x) B(T) B(T)

where

. Iy h@) c(x) qo(t, X')

U, = D,(At)D,(Ax)D,o(At)
: ' a0 Hcrcf Hfrcf hrcf(x) Crcf(x) qOrcf(ta X)
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Without model motion (x' =x and X’ =X) and temporal illumi-
nation fluctuation, the factor U, is unity and then Eq. (8) recovers
the generic Stern-Volmer equation. However, unlike the generic
Stern-Volmer equation used in previous PSP uncertainty estimates,
Eq. (8) is a general relation that includes the effects of model de-
formation, spectral variability, and temporal variations in both illu-
mination and luminescence. This relation allows a more complete
uncertainty analysis and a clearer understanding of how these vari-
ables contribute the total uncertainty in PSP measurements.

Error Propagation, Sensitivity, and Total Uncertainty

According to general uncertainty analysis formalism,'>!? the to-
tal uncertainty of pressure P is described by the error propagation
equation

var(P)

M 1
P 5 s, (G )

Gié

ij=1

where p;; =c0v(§,'Cj)/[var(g)Var(Cj)]”2 is the correlation coef-
ficient between the variables ¢ and ¢, var(§) =(A¢?) and
cov(&¢;) =(AG AL, ) arethe varianceand covariance, respectively,
and the notation () denotes the statistical assemble average. Here
the variables {§,i=1,..., M} denote a set of the parameters
Dt(At)’ Dx(Ax)’ DqO(At)’ Va Vrcfa Hc/ Hc refs Hf/Hf refs h/ hrcf’
¢/ Crets Go/ Qorets Prets T, A, and B. The sensitivity coefficients S;
are defined as S; =(&/P)(0P/0¢). Equation (9) becomes par-
ticularly simple when the cross-correlation coefficients between
the variables vanish (p; =0, i #j). Table 1 lists the sensitiv-
ity coefficients, the elemental errors, and their physical origins.
Many sensitivity coefficients are proportional to a factor
1+ [A(T)/ B(T)]/(P/ P). For Bath Ruth + silica gel in GE RTV
118, Fig. 3 shows the factor 1 + [A(T)/ B(T)]/(P/ Ps) as a func-
tion of P/ P, for different temperatures. This factor is only slightly
changed by temperature. The temperature sensitivity coefficient is
Sy = —=T[B'(T) + A'(T) Pt/ P]/ B(T), where the prime denotes
differentiation.Figure 4 shows the absolute value of S7 as a function
of P/ P, at different temperatures. As long as the elemental errors
are evaluated, the total uncertainty in pressure can be calculated

3.0

1+ (ATYB(T)(P/P)

0.5
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Fig.3 Sensitivity factor 1+ [A(T)/B(T)]/(P/Pyet) as a function of P/P,.¢
at different temperatures for Bath Ruth + silica-gel in GE RTV 118.

using Eq. (9). The major elemental error sources will be discussed
hereafter.

Elemental Error Sources

Photodetector Noise and Limiting Pressure Resolution

The uncertaintiesin the photodetectoroutputs V and V¢ are con-
tributed from various noise sources in a photodetector, for example,
a camera, such as photon shot noise, dark current shot noise, am-
plifier noise, quantization noise, and pattern noise. When the dark
current and pattern noise are subtracted and the noise floor is negli-
gible, the detectornoise is photon shot noise limited. In this case, the
signal-to-noiseratio (SNR) of the detectoris SNR =(V/GhvB,)'/?,
where % is the Planck’s constant, v is the frequency, B, is the
electrical bandwidth of the detection electronics, G is the system’s
gain, and V is the detector output. The uncertainties in the outputs
are var(V) =V GhvB,; and var(V,) = V,GhvB,. In the photon
shot noise limited case in which the error propagation equation

Table 1 Sensitivity coefficients, elemental errors, and total uncertainty®"

Variable & Sensitivity coefficient S; Elemental variance var(&;)

D,(At) @=1+ A(T)/ B(T)( Pt/ P) [(aV/Iat)(At)/VT?

Dy(Ax) ¢ [(aV/ax)*c} +(aV/dy) o IV 2

Dyo (A1) ® [(3g0/ 01 )(A1)/ o res ]

Vrcf ¢ Vrcf Gh VBd

Vv - VGhvB,

TTe/ et ® [Ra2/(Ry + R)P(ARI/R,)?

Ip/ X p et (o] var(ITp/ Tl ¢ ref)

Il hyet ® [(3n/dx)*c? + (8h/8y)2c7)2,]hr_ct2.

¢/ Cref 1} [(3c/ 9x)%c2 + (3c/ 8y)2c7§]cr_c?

90/ G0 re ® (q0ret) (Vo) - (AX)|?

Pres 1 var(P)

T —[T/B(T)IB'(T) + A/(T)( Pt/ P)] var(T)

A 1—¢ var(A)

B -1 var(B)

Pressure 1 (8P/ox)*a? + (3P/dy) o}
mapping and |(vp)surf - (X)surflz

2Standard deviations of least-squares estimation in the image registration or camera calibration, are o, and oy,

bTotal uncertainty in pressure:

M

va]r)(zP) _ Z

i=1

Sl.zvar(g-)
;2

Physical origin

Temporal variation in luminescence due to
photodegradation and surface contamination

Image registration errors for correcting luminescence
variation due to model motion

Temporal variation in illumination

Photodetector noise

Photodetector noise

Change in camera performance parameters
due to model motion

Illumination spectral variability and filter
spectral leakage

Image registration errors for correcting thickness variation
due to model motion

Image registration errors for correcting concentration
variation due to model motion

Illumination variation on model surface
due to model motion

Error in measurement of reference pressure

Temperature effects of PSP

Paint calibration error

Paint calibration error

Errors in camera calibration and pressure mapping on a
surface of a presumed rigid body
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Fig. 4 Temperature sensitivity coefficient as a function of P/P. at
different temperatures for Bath Ruth + silica gel in GE RTV 118.

contains only two terms related to V and Vi, the uncertainty
in P is

1
AP 2
_ GB,hv L+
P Vrcf
(10)

This relation holds for both nonimaging detectors and a CCD. For
a CCD camera, the first factor in the right-hand side of Eq. (10)
can be simply expressed by the total number of photoelectrons
collected over the integration time n,. =V/(GhvB,). When the
full-well capacity of a CCD is achieved, one obtains the minimum
pressure difference that PSP can measure from a single frame of
image:

AT) me>( P )
1 + A(T) + B(T)
B(T) P Prcf

(AP)pin 1 ( A(T) Pm->
= 1+
P \/(npcrcf)max B(T) P
P é
X (1 + A(T) + B(T) ) (11)
Prcf

where (7 ref ) max 18 the full-well capacity of a CCD in reference con-
ditions. When N images are averaged, the limiting pressure differ-
ence (11)is furtherreduced by a factor N'/2. Equation (11) provides
an estimate for the noise-equivalentpressure resolution for a CCD
camera. When (7pe er)max 15 500,000 electrons and Bath Ruth +
silica gel in GE RTV 118 is used, the minimum pressure uncer-
tainty (A P)y,/ P is shown in Fig. 5 as a function of P/ P, for
different temperatures. It is indicated that an increasing temper-
ature degrades the limiting pressure resolution. Figure 6 shows
V(Mperer) 0 J(A P) i/ P as a function of P/ Py for different val-
ues of the Stern-Volmer coefficient B(T'). Clearly, a larger B(T)
leads to a smaller limiting pressure uncertainty (A P);,/ P.

Errors Induced by Model Deformation

Model deformation due to aerodynamic loads causes a dis-
placement Ax =x’ —x of the wind-on image relative to the
wind-off image. This displacement leads to the deviations of
D (AX), h/ hy, ¢/ cret, and qo/ qores in Eq. (8) from unity be-
cause the distributions of the luminescent intensity, paint thick-
ness, and dye concentration are not spatially homogeneous on
a surface. After the image registration is applied to align the
images, the estimated variances are var[D,(Ax)]= W(V)/ V2,
Val’(l’l/ hrcf) ~ W(h)/(hrcf)z, and VaI"(C/Crcf) ~ W(C)/(Crcf)2~ The op-
erator W(-) is defined as W(-) =(a/ox)*c? + (d/ ay)zaf, where o,
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Fig.5 Minimum pressure uncertainty (A P),;,/P as a function of P/Py¢
at different temperatures for Bath Ruth + silica gel in GE RTV 118.
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Fig. 6 Normalized minimum pressure uncertainty ./(pe ref)max X
(A P)yin/P as a function of P/P. for different values of B(T).

and o, are the standard deviations of least-squares estimation in the
image registration.

The uncertainty in go(X)/qowt(X') is caused by a change in
the illumination intensity on a model surface after the model
moves with respect to the light sources. When a point on the
model surface travels along the displacement vector AX =X’ — X
in object space, the variance of ¢o/qo.r 1S estimated by
varlgo(X)/ qorer(X)]= (qorer) *[(Vqo) - (AX)|*. Consider a point
light source with a light flux distribution ¢o(X — X,) =|X — X,|™",
where n is an exponent (normally n =2) and |X — X,| is the dis-
tance between the point X on the model surface and the light source
location X;. The variance of go/qq ¢ for the single-point source
is varlgo(X)/ qorr(X")] =1 X — X,|7*|(X — X,) - (AX)|*. The vari-
ance for multiple-point light sources can be obtained based on the
principle of superposition. In addition, model deformation leads to
a small change in the distance between the model surface and the
cameralens. The uncertaintyin the camera performance parameters
due to this change is var(T1./ [T, ) = [Ry/(R; + Ry) (AR, / R))?,
where R, is the distance between the lens and the model surface and
R, is the distance between the lens and the sensor. For R > R,, this
error is very small.

Temperature Effects
Because the luminescentintensity of PSP is intrinsically temper-
ature dependent, a temperature change on a model surface during
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wind-tunnel runs results in a bias error in PSP measurement if the
temperature effects are not corrected. Temperature also influences
the total uncertainty of PSP measurement by altering the sensi-
tivity coefficients of the variables in the error propagation equa-
tion. Hence, the surface temperature on a model must be known
to correct the temperature effects of PSP. In general, the surface
temperature distribution can be either measured by using TSP or
determined numerically by solving the energy equation in flows
coupled with the heat conduction equation in the model. For a
compressible boundary layer on an adiabatic wall, the adiabatic
wall temperature T3, can be estimated using a simple relation,
Tow! To=[1+r(y —1)M?/2][1 + (y — 1)M?/2] "', wherer is the
recovery factor for the boundary layer, Tj is the total temperature,
M is the local Mach number, and y is the specific heat ratio.

PSP Calibration Errors

The uncertainties in determining the Stern-Volmer coefficients
A(T) and B(T) are calibrationerrors. In a priori PSP calibrationin
a pressure chamber, the uncertainty is represented by the standard
deviation of data collected in replication tests. Because the tests in
a pressure chamber are well controlled, an a priori calibration result
shows a small precision error. However, a significant bias error is
usually found when the a priori calibration result is directly used
for data reduction in wind-tunnel tests. In contrast, in situ calibra-
tion utilizes pressure tap data over a model surface to determine
the Stern-Volmer coefficients. Because the in situ calibration fits
the local luminescent intensity to the pressure tap data, it can to
some extent reduce bias errors such as the temperature effects and
naturally achieves a better agreement with the pressure tap data.

Temporal Variations in Luminescence and Illumination

For PSP measurementsin steady flows, a temporal change in the
luminescentintensity mainly results from the photodegradationand
sedimentationof dusts and oil droplets on a model surface. The pho-
todegradationof PSP may occur when there is a considerable expo-
sure of PSP to the excitationlight between the wind-off and wind-on
measurements. Dusts and oil droplets in air sediment on a model
surface during wind-tunnelruns. The resulting dust/oil layer absorbs
both the excitation light and luminescent emission on the surface
and, thus, causes a decrease of the luminescentintensity. The uncer-
tainty in D,(At) due to these effects can be collectively character-
ized by the variancevar D,(At)] ~ [(8V/d1)At/ V]?. Similarly, the
uncertaintyin D,(At), whichis produced by an unstable excitation
light source, is described by var[ D,o( A1)]= [(9qo/ 01)(A1)/ qoret]*.

Spectral Variability and Filter Leakage

The uncertainty in I,/ I1; ¢ is mainly attributed to the spectral
variability in the illuminationlight and spectral leaking of the filters.
The spectral variability between flashes of a xenon lamp has been
observed.* The uncertainties in the absolute pressure and pressure
coefficient due to the flash spectral variability are 0.05 psi and 0.01,
respectively. If the optical filters are not selected appropriately, a
small portion of photons from the excitation light and ambient light
may reach the detector through the filters. This spectral leakage
produces an additional output to the luminescent signal.

Pressure Mapping Errors

The uncertainties in pressure mapping are related to the data re-
duction procedure in which PSP data in two-dimensional images
are mapped onto a model surface grid in three-dimensional object
space. They include errors in camera calibration and mapping onto
a surface grid of a presumed rigid body. The camera calibration
error is represented by the standard deviations o, and oy of the cal-
culated target coordinates from the measured target coordinates in
the image plane. Typically, a good camera calibration method gives
the standard deviation of about 0.04 pixels. For a given PSP im-
age, the pressure variance induced by the camera calibration error
is var(P) = (0P/0x)*c; + (9P/dy)*o;.

The pressure mapping onto a nondeformed surface grid leads
to another deformation-related error because the model undergoes

considerable deformation due to aerodynamic loads in wind-tunnel
tests. If a displacement vector of a point on the model surface in
objectspaceis AX =X’ — X, the pressure varianceinduced by map-
ping onto a rigid-body grid without correcting the deformation is
var(P) = [(VP) gy (AX)quel?, where (V P)g is the pressure gra-
dient on the surface and (AX),, is the component of the displace-
ment vector projected on the surface. To eliminate this error, a de-
formed surface grid has to be generated for PSP mapping based on
model deformation measurements.'>

Other Error Sources

Other error sources include self-illumination, paintintrusiveness,
limiting time response, and induction effect. Self-illuminationis a
phenomenon that luminescence from one part of a model surface
reflects to another surface, thus distorting the observed luminescent
intensity by superposing all of the rays reflected from other points.
It often occurs on surfaces of neighbor components of a complex
model. Ruyten!® discussed this problem and gave a numerical cor-
rection procedure for self-illumination. A paint layer with a non-
homogenous thickness modifies the shape of a model such that the
surface pressure distribution may be changed. Hence, this paint in-
trusiveness to flows should be considered as an error source in PSP
measurements. In PSP applications in unsteady flows, the limiting
time response of PSP imposes an additional restriction on the ac-
curacy of PSP measurement. The time response of PSP is mainly
determined by oxygen diffusion process through the PSP layer."”
Another problem related to the time response is the induction ef-
fect, defined as an increase in luminescence during the first few
minutes of illumination. This effect has been observed with certain
paints, and the photochemical process behind it has been explained
by Gouterman.'®

Allowable Upper Bounds of Elemental Errors

In the design of PSP experiments, we need to give the allow-
able upper bounds of the elemental errors for required pressure
accuracy. This is an optimization problem subject to constraints.
In matrix notations, Eq. (9) is expressed as cr}z, =o0"Aco, where
o2 =var(P)/ P?, A;; =S,S;pij, and o; =[var(&)]V?/¢. For a re-
quired pressure uncertainty op, we look for a vector o, to max-
imize an objective function H =W o, where W is the weighting
vector. The vector o, gives the upperboundsof the elementalerrors
for a given pressure uncertainty op. The use of the Lagrange multi-
plier method requires H =W'o + A(cs — 0T Ao) to be maximal,
where A is the Lagrange multiplier. The solution to this optimization
problem gives the upper bounds

AT'W
wra-wy:

Uup=

(12)

For the uncorrelated variables with p;; =0, i “J, Eq. (12) reduces
to

(G = S Wiop| Y S2W? (13)

k

When the weighting factors W; equal the absolute values of the
sensitivity coefficients |S; |, the upper bounds can be expressed in a
very simple form:

_1
()l op =Ny ? [S:7', i=12,....,Ny (14)

where Ny is the total number of the variables or the elemental error
sources. Relation (14) clearly indicates that the allowable upper
bounds of the elemental uncertainties are inversely proportional to
the sensitivity coefficients and the square root of the total number
of the elemental error sources. Figure 7 shows a distribution of the
upper bounds of 15 variables for Bath Ruth + silica gelin GE RTV
118 at P/ P,y =0.8 and T =293 K. Clearly, the allowable upper
bound for temperature is much lower than others. Therefore, the
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Fig.7 Allowable upper bounds of 15 variables for Bath Ruth + silica
gelin GE RTV 118 when P/P,s =0.8 and T =293 K.

temperatureeffects mustbe tightly controlledto achieve the required
pressure accuracy.

PSP Uncertainty Estimates on a Joukowsky
Airfoil in Subsonic Flows

Hypothetical PSP measurements on a Joukowsky airfoil in sub-
sonic flows are consideredto illustratehow to estimate the elemental
errors and the total uncertainty by using the techniques just devel-
oped. The airfoil and incompressible potential flows around it are
generated by using the Joukowsky transform. The pressure coeffi-
cients C), on the airfoil in the corresponding compressible flows are
obtained by using the von Kdrmdn and Tsien rule. Figure 8 shows
typical distributions of the pressure coefficient and adiabatic wall
temperature on the Joukowsky airfoil at Mach 0.5.

Presumably, Bath Ruth +silica gel in GE RTV 118 is
used, which has the Stern-Volmer coefficients A(T) = 0.13[1 +
28T — T Trer]l and B(T)~ 0.87[1 +4.32T — Trer)/ Trer
(293 < T < 333 K). The uncertainties in a priori PSP calibration
are AA/A =AB/B =1%. Assume that the spatial changes of the
paint thickness and dye concentration in the image plane are 0.5
and 0.1%/pixel, respectively. The rate of the photodegradation of
the paint is 0.5%/h for a given excitation level and the exposure
time of the paintis 60 s between the wind-off and wind-on images.
The rate of reduction of the luminescent intensity due to dust/oil
sedimentation on the surface is assumed to be 0.5%/h.

In an object-space coordinate system whose origin is at the
leading edge of the airfoil, four light sources for illuminating
PSP are placed at the locations X;; =( —¢, 3¢), X, =(2¢, 30),
X3 =(—¢, —3¢), and X4 =(2¢, —3C), where ¢ is the chord of
the airfoil. For the light sources with unit strength, the illumi-
nation flux distributions on the upper and lower surfaces are,
respectively, (q())up = |Xup _Xxl |_2 + |Xup _X&'Zl_z and (q())low =
[Xiow — X317 + | Xiow — Xs4l72, where X, and Xjo, are the coor-
dinates of the upper and lower surfaces of the airfoil, respectively.
The temporal variation of irradiance of the lights is assumed to be
1%/h. It is also assumed that the spectral leakage of the optical fil-
ters for the lights and cameras is 0.3%. Two cameras, viewing the
upper and lower surfaces, respectively, are located at (¢/2, 4¢) and
(¢/2, —4c).

The uncertainty associated with the shot noise can be esti-
mated by using Eq. (10). Assume that the full-well capacity of
(Mpe)max = 350,000 electrons of a CCD camerais utilized. The num-
bers of photoelectrons collected in the CCD camera are mainly
proportional to the distributions of the illumination fields on the
model surfaces. Thus, the photoelectrons on the upper and lower
surfaces are estimated by (7pe)Jup = (pe)max (90 )up/ Max[(go)up] and
(Mpe)1ow = (M pe) max (G0 10w/ MaxX[(go) 10w ]. Combination of these esti-
mates and Eq. (10) can give the shot noise generated uncertainty
distributions on the surfaces.

0.0

-1.5 1 Mach = 0.5
Alpha = 4°
1.0 1
_05 4
Q
S
Joukowsky Airfoil S—

0.5 1

0.0 0.2 0.4 0.6 0.8 1.0

x/c

Mach = 0.5
Alpha = 4°

Joukowsky Airfoil

Taw - Tref (K)
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xlc

Fig.8 Pressure coefficient distribution and adiabatic wall temperature
distribution on a Joukowsky airfoil for Mach 0.5 and 7't =293 K.

Movement of the airfoil produced by aerodynamic loads can be
expressedby a superpositionoflocalrotation(twist) and translation.
The transformation between the nonmoved and moved surface co-
ordinates X =(X, Y)” and X' =(X', Y7 is X' =R(Owis)X + T,
where R(O.is) is the rotation matrix, O, is the local wing
twist, and T is the translation vector. Here, for Oy = —1 deg
and T =(0.001¢, 0.01¢)”, the uncertainty in go(X)/qor(X") is es-
timated by var[go(X)/ goret(X)]= (qorer) (Vo) - (AX)|?, where
the displacement vector is AX =X’ —X. The pressure variance
associated with mapping onto a rigid-body grid without correct-
ing the deformationis estimated by var( P) =|(V P)gus - (AX)gurtl?s
where (VP)g,s is the pressure gradient on the surface and
(AX)gut = (X" — X)qurt i the component of the displacement vector
projected on the surface.

To estimate the temperature effects, an adiabatic model is
considered at which the wall temperature T, is T,/ 1T, =
[1+r(y —1)M?/2][1 + (y —1)M?/2]7". The recovery factor is
r =0.843 for a laminar boundary layer. Assuming that the refer-
ence temperature T, equals the total temperature 7y =293 K, one
can calculate the temperature difference AT =T, — T between
the wind-on and wind-off cases (Fig. 8).

The total uncertainty in air pressure P is estimated by substi-
tuting all of the elemental errors into Eq. (9). Figure 9 shows the
pressure uncertainty distributions on the upper and lower surfaces
of the airfoil for different freestream Mach numbers. It is indicated
that the temperature effects of PSP dominate the uncertainty of PSP
measurement in an adiabatic wall. The uncertainty becomes larger
and larger as Mach number increases because the adiabatic wall
temperature increases. The local pressure uncertainty on the upper
surface is as high as 50% at one location for Mach =0.7, which
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Fig. 9 PSP uncertainty distributions for different freestream Mach
numbers.

is caused by the local surface temperature change of about 6 deg.
To compare the PSP uncertainty with the pressure variation on the
airfoil, a maximum relative pressure variation on the airfoil is de-
fined as max|A Pt/ Poo =0.5y M2 max|AC,|. Figure 10 shows
the maximum relative pressure variation max|A Plg,/ Py, along
with the chord-averaged PSP uncertainty {(A P/ P)psp),, on the
adiabatic airfoil at Mach numbers ranging from 0.05 to 0.7. The
uncertainty ((A P/ P)psp)ar —o Without the temperature effects is
also plotted in Fig. 10, which is mainly dominated by the a pri-
ori PSP calibration error AB/B =1% in this case. The curves
max|A P/ Po , {(AP/ P)psp),, and ((A P/ P)psp)ar —, intersect
near Mach 0.1. When the PSP uncertainty exceeds the maximum
pressure variation on the airfoil, the pressure distributionon the air-
foil cannot be measured by PSP. In general, because of a smaller
temperature change on a nonadiabatic wall, the PSP uncertainty for
a real wind-tunnel model falls into the shadowed region confined
by ((AP/P)psp),, and ((AP/P)psp)ar -, (Fig. 10). The PSP un-
certainty associated with the shot noise {(A P/ P)psp )shomoise 1S alSO
plotted in Fig. 10. The intersection between max |A P/ P, and
{(AP/P)psp)shomoise Zives the limiting low Mach number (~0.06)
for PSP application. The uncertainties in the lift and pitching mo-
ment can also be calculated from the PSP uncertainty distribution
on the surface. Figure 11 shows the uncertainties in the lift and
pitching moment relative to the leading edge for the Joukowsky air-
foil at different Mach numbers when the angle of attack is 4 deg.
The uncertaintiesin the lift and moment decrease monotonously as
Mach number increases because the absolute values of the lift and
moment rapidly increase with Mach number.

Upper Surface

<(AP/P)psp > g

max|AP|Wf/Pm

c
.0
kS|
© 0.1 4
>
o
(5]
} ¥
o
=
L
o
._g 0.01 +
B k
[
14
<(AP/P)psp > shomoise
0.001 T T T . T

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Freestream Mach number
Upper surface of a Joukowsky airfoil

1

Lower Surface
c
k]
©
5 014 el 4Pl /P
<>3 <(AP/P)psp >4y
2
LI
2 o014
@
&, <(A4P/P)psp > 479
O o o o
<(AP/P)psp > shomoise
0.001 T T T T T T

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Freestream Mach number
Lower surface of a Joukowsky airfoil

Fig. 10 Maximum relative pressure change and chord-averaged PSP
uncertainties as a function of freestream Mach number.
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Fig. 11 Uncertainties in the lift and pitching moment of a Joukowsky
airfoil as a function of freestream Mach number.

Conclusions

Based on more rigorous PSP system modeling, a general frame-
work is built in which the physical origins of the elemental error
sources are clearly identified, and their contributionsto the total un-
certainty are systematically evaluated. For a required pressure un-
certainty, the allowable upper bounds of the elemental errors, which
are inversely proportional to the sensitivity coefficients, are given
by a simple formula. Among the major elemental error sources,
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for a typical PSP, temperature has the largest sensitivity coefficient
and the lowestallowableupperbound of errorin PSP measurements.
Therefore, the temperature effects must be corrected to obtain quan-
titative pressure results. The minimum pressure uncertainty limited
by the photon shot noise can be described by an analytical expres-
sion, which is related to the Stern-Volmer coefficients, local air
pressure, and the number of photoelectrons. The shot noise limited
PSP uncertainty increases with temperature and decreases as the
Stern-Volmer coefficient B(T') increases. The sample uncertainty
analysis on a Joukowsky airfoil in subsonic flows further confirms
that the temperature effects dominate the PSP measurement un-
certainty. It is enlightening to compare the uncertainties in several
different conditions (on the adiabatic wall, without the temperature
effects, and in the shot noise limited case) with the maximum rela-
tive pressurechange on the surfaceas a functionof freestreamMach
number. This comparison not only shows the uncertainties relative
to the surface pressure change, but also gives the limiting low Mach
number for PSP measurements.

Appendix: Luminescent Radiation from PSP
and Photodetector Output

Luminescentradiationfroma PSP on a surfaceinvolvestwo major
physical processes. The first process is absorption of an excitation
light through a PSP layer. The second is luminescent radiation that
is an absorbing-emitting process in the layer. These processes can
be described by the transport equations of radiative energy.'®!! The
luminescent intensity emitted from a PSP layer in plane geometry
will be analytically determined by solving the transport equations,
and the corresponding photodetectoroutput will be derived.

Excitation Light

Consider a PSP layer with a thickness & on a wall (Fig. 1). Sup-
pose that PSP is not a scattering medium and that scattering exists
only at the wall surface. An incident excitation light beam with a
wavelength A, enters the layer. Without scattering and other sources
for excitation energy, the incident light is attenuated by absorption
through a PSP medium. In plane geometry, where the radiative in-
tensity is independent of the azimuthal angle, the intensity of the
incident excitation light with 4, can be described by

dI-
u dl' + Byl =0 (A1)
Z

where I, is the incident excitation light intensity, u =cos 0 is the
cosine of the polar angle 0, and f3;, is the extinction coefficient of
the PSP medium for the incident excitation light with A;. The ex-
tinction coefficient 8;, = ¢;, ¢ is a product of the molar absorptivity
£,, and luminescent molecule concentration c. Here, the intensity
is defined as radiative energy transferred per unit time, solid angle,
spectral variable,and areanormal to the ray. The superscript—in [
indicates the negative direction in which the light enters the layer.
The incident angle 6 ranges from /2 to 37/2(—1=<u <0) (see
Fig. 1). For the collimated excitation light, the boundary value for
Eq. (A1) is the component penetrating into the PSP layer,

Iz =h) = (1= pP)qoE, (A)Su — o) (A2)

where gy and E, (4,) are the radiative flux and spectrum of the
incident excitation light, respectively, pf{'l’ is the reflectivity of the
air-PSP interface, u., is the cosine of the incident angle of the
excitation light, and o(u) is the Dirac-delta function. The solution
to Eq. (A1) is

17 = (1= p")goEsn ()8t = pe) expl(Bay /) (h = 2)]

—1<pu<0 (A3)

This relation describes the decay of the incident excitation light
intensity through the layer. The incident excitation light flux at the
wall integrated over the ranges of 0 from either 7 to n/2 or 7 to
3n/2is

0
45 (z=0) =— f I-(z =0)udu = Cy(1 = pi)goEz (1)
-1

(Ad)

where C, is the coefficient representing the directional effect of the
excitation light, that is,

Cd = —Hex exp(ﬂﬂ.lh| /ch)’ -1 = Hex =<0 (AS)

When the incidentexcitation light impinges on the wall, the light
reflects and reentersinto the layer. Withouta scattering sourceinside
PSP, the intensity of the reflected and scattered light from the wall
is described by

+
A

dz

where / /1+1 is the intensityin the positivedirectionemanating from the
wall. As shown in Fig. 1, the rangeof p is 0 <u <1(0<6 <n/2
and —7/2 <0 <0) for the outgoing reflected and scattered light.
The superscript+ indicatesthe outgoingdirectionfrom the wall. For
the wall that reflects diffusely, the boundary condition for Eq. (A6)
is

IF(z=0)=p)Pq; (2 =0) = Cup,P(1 = p}*)q0Es (A1) (AT)

po B =0 (A6)

where pxlp is the reflectivity of the wall-PSP interface for the exci-
tation light. The solution to Eq. (A6) is

I = Cdp/‘l"lp(l - Pi‘f)%Ell (/ll)exp(—ﬂllﬂ /.1), 0=<up<l

(A8)

At a point inside the PSP layer, the net excitation light flux is
contributed by the incident and scattering light rays from all of the
possibledirections. The net flux is calculated by adding the incident
flux (integratedover @ =7 to /2 and @ =7 to 37/2) and scattering
flux (integrated over 6 =0 to /2 and 6 =0 to —x/2). The net flux
is

0 0
(%)m=_2/ I pdu — 2/ I pdu
- 1

1

=C,(1- pi'i)qull(m(exp(— ﬂ“)

ex

+ p}Pexp (— 3’ ) Z)) (A9)

Note that the derivation of Eq. (A9) uses the approximation of the
exponential integral of third order, E;(x) =( ; )exp(—3x/2).

Luminescent Emission

After luminescent molecules in PSP absorb the energy from the
excitationlight with a wavelength A, they emit luminescencewith a
longer wavelength A, due to the Stokes shift. Luminescentradiative
transferin PSP is an absorbing-emitting process. The luminescent
lightrays from the luminescentmolecules radiate in both the inward
and outward directions.

For the luminescent emission toward the wall, the luminescent
intensity ;) can be described by

di;

w2t LI = 8,2,

-1<u=<0 (A10)
dz

where S,,(z) is the luminescent source term and the extinction co-
efficient 8, =&, ¢ is a product of the molar absorptivity ¢;, and lu-
minescent molecule concentration c. The luminescent source term
S, (2) is assumed to be proportionalto the extinction coefficient for
the excitation light, the quantum yield, and the net excitation light
flux filtered over a spectral range of absorption. A model for the
luminescent source term is expressed as

$12(2) = B(P, T) Ez, (%) f (4,,), o Br Fn(2) d2
0
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where ®( P, T) is the luminescent quantum yield that depends on
pressure P and temperature T, E,,(4,) is the luminescentemission
spectrum, and F;;(4,) is a filter function describing the optical filter
used to insure the excitationlight within the absorption spectrum of
the luminescent molecules. The boundary condition for Eq. (A10)
is I, (z =h) =0. The solution to Eq. (A10) is

I =exp(—ﬂzz>; |:/“ SAZ(Z)eXp(ﬂLZZ>dZ
0
h
—/ Slz(z)exp(ﬂhz>dz:|,
0 1

The incoming luminescent flux toward the wall at the surface (inte-
grated from 0 =7 to 0 =7/2 and from 6 =7 to 8 =37/2) is

-1<p=<0 (AlD)

0
4,(z=0) = —2/ I (z=0)udu (A12)

1

_ 1 /h (ﬂlﬂ)
I (z=0)=- S, (2)exp dz
- H Jy - H

Consider the luminescent emission in the outward direction and
assume that the scattering occurs only at the wall. The outgoing
luminescentintensity I,, can be described by

where

+
I,

P+ B, = 8,(2), 0<p<l (A13)

H dz
Similar to the boundary condition for the scattering excitation
light, we assume that a fraction of the incoming luminescent flux
q;,(z=0) is reflected diffusely from the wall. Thus, the boundary
condition for Eq. (A13) is

0
[I(z=0)=pq,(z=0) = —2pwj’/ I (z=0)udu
-1

(A14)

where pxzp is the reflectivity of the wall-PSP interface for the lumi-
nescent light. The solution to Eq. (A13) is

I{z =exp(—ﬂﬁz>
><|:1/“Slﬁ(z)exp(ﬂlzz>dz+1{ﬁ(z=0):|
I A 1 ’

-1l<pu =<0 (Al5)

At this stage, the outgoing luminescent intensity 7, can be readily
calculatedby substitutingthe source term into Eq. (A15). In general,
I} has a nonlinear distribution across the PSP layer, which is com-
posed of exponentials of 8,z and B,,z. For simplicity of algebra,
we consider an asymptotic but important case, an optically thin PSP
layer. Uncertainty analyses for optically thin and thick PSP layers
are essentially the same.

When the PSP layer is optically thin (B h, B, h, B2, 2, and
B,z K1), the asymptotic expression for I*2 is simply

I3(2) = (P, T)qoEs, () K (Ba, | 1) (2 + 203 hpt)
-1<upu <0 (Al6)

where
K, =B f Br Ex (A Ca(1 = pP) (1 + p}7) Foa(Ar) d2
0

Equation (A16) indicates that for an optically thin PSP layer the
outgoing luminescent intensity is proportional to the extinction co-
efficient (the molar absorptivity and luminescent molecule con-
centration), paint layer thickness, quantum yield of luminescent

molecules, and incident excitation light flux. The term K, repre-
sents the combined effect of the optical filter, excitation light scat-
tering, and direction of the incident excitation light. The outgoing
luminescent intensity averaged over the layer is

h
(17)=n / I} (2)dz
0

= h®d (P, T)qoEs, (1)K, (ﬂ ; )M(m (A17)

where M(u) =0.5+ 2PZPIJ~ The outgoingluminescentenergy flow
rate QL on an area element A, of the PSP paint surface is

07, =As-/(l{2>c059d(2
Q

= Buh®(P, T)qoEs, (A) Ki(M)A,Q (A1)

where the unit of Q) is energy/time/wavelength, Q is the solid
angle, and the extinction coefficient B, =&, ¢ is a product of the
molar absorptivity ¢;, and luminescent molecule concentration c.
The coefficient{ M ) representsthe effects of reflection and scattering
of the luminescent light at the wall, which is defined as

(M) =" / M(u)dQ =0.5+ p,P(uy + pr)
Q

where 1, = cos8, and p, = cos 6, are the cosines of two polar
angles in €.

Photodetector Output

Consider an optical system located at a distance R, from a source
area (see Fig. 2). The solid angle with which the lens is seen from
the source can be approximatedby Q= A,/ R?, where Ag = 7 D*/4
is the imaging system entrance aperture area, and D is the effective
diameter of the aperture. Using Eq. (A18) and additional relations
A;/R} =A;/R?and1/R, + 1/ R, =1/f1, we obtainthe energy flux
onto the detector

T A 1 Top Tatm

(00) 0 =, Fo(1 1 4oy PP Do By (Ba)K (M)
op

(A19)

where F =f1/D is the {-number, M,, = R,/ R, is the optical mag-
nification, f is the system’s effective focal length, A; is the image
area, and 7,, and T,y are the system’s optical transmittance and
atmospheric transmittance, respectively. The output of the detector
is

V=G / R (12)(Q1,), Fa(2) di, (A20)
0

where R,(4,) is the detector’s quantumefficiency, G is the system’s
gain, and F;,(4,) is a filter function describing the optical filter for
the luminescent emission. The dimension of V/ G is Joules per
second. Substitution of Eq. (A19) into Eq. (A20) yields

V =G(n/4)[Al FA(1+ Mp)? B h®(P, T)qoK K,  (A21)

where
K, =/ Top Tatm E2o ()X MR, (22) Fia(A) d Ay
0

K, represents the combined effect of the optical filter, luminescent
light scattering, and system response to the luminescent light.
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